We investigate theoretically the optical properties associated to plasmon resonances of metal nanowires with cross section given by low-order Chebyshev nanoparticles (like rounded-tip nanostars or nanoflowers). The impact of the nanoflower shape is analyzed for varying symmetry and deformation parameter through the spectral dependence of resonances, and their corresponding near field distributions. Large field intensity enhancements are obtained at the gaps between petals, apart from the tips themselves, which make these nanostars/nanoflowers specially suitable to host molecules for SERS sensing applications.
Introduction
Surface-enhanced Raman scattering (SERS) has attracted a renewed interest in the last decade, due to both single molecule detection and advances in nanofabrication [1] . Bear in mind that SERS spectra provide (bio)molecular fingerprints that renders SERS spectroscopy an extremely powerful sensing technique [1, 2] . The large electromagnetic field enhancements thus required (Raman scattering cross sections being remarkably low) are typically achieved by using colloidal aggregates of noble metal nanoparticles (NPs) as SERS substrates [3] . Hot spots (HS) occur at given intersticies in between NPs, thereby enhancing the Raman scattering of molecules adsorbed nearby. On the other hand, to avoid issues related to reproducibility and control of colloidal NPs, new nanofabrication techniques have been proposed based on self-assembling layers or on nanolithography [1] ; in particular, the latter approach has given rise to the socalled dimer nanoantennas [4, 5, 6, 7] .
Surface plasmon resonances (SPRs) underly the occurrence of HS [8] . Nonetheless, strong coupling between NPs is needed to produce HS yielding large enough field enhancements [9, 10, 11] . To this end, SERS substrates based on NP aggregates (or at least NP dimers) are required, which in most cases complicate fabrication procedures [1, 3] . Alternatively, strong SPRs with significant HS could be achieved on single NPs of complex shape, as expected from symmetry breaking arguments. In recent years, the light scattering properties of nanoparticles with star (or flower) shape have been experimentally studied [12, 13, 14] ; indeed, nanostar/nanoflower NPs have been shown suitable as SERS substrates [14, 15, 16, 17] . From the theoretical standpoint, recent SPR calculations indicate that HS may take place at the star tips [13, 18] , but further work is no doubt needed to shed light on their optical properties, due to the variety of NP shapes experimentally produced.
In this work we investigate theoretically the SPRs of silver nanowires with cross section given by low-order Chebyshev nanoparticles with large deformations, which resemble either nanostars with round tips or nanoflowers, with different number of tips/petals. We will simply refer to them as nanoflowers throughout the rest of this work for the sake of simplicity. Incidentally, light scattering from dielectric Chebishev particles have been investigated in connection with remote sensing and related (cf. i.e. Ref. 19 ). We will show that metal nanoflowers exhibit a complex SPR spectrum; calculated near-field distributions at resonant frequencies reveal that HS with large field enhancement factors are found at the gaps in between petals.
Theory
The scattering configuration we consider is shown in Fig. 1 . We study the light scattering from twodimensional Ag nanostars/nanoflowers, which exhibit a translational symmetry along one direction, such as nanowires. We have simulated the star/flower shape as the sum of a circle (radius ρ) and a cosine function with n periods of amplitude 2β (Chebyshev NPs), β being the deformation parameter; the corresponding surface profile of the flower with n petals in the xz plane is represented by the following parametric curve in polar coordinates:
so that the continuous cartesian vector-valued function R) is defined as: as the radius of curvature of flower petals exceeds the electron mean free path. The nanoflowers are illuminated in the plane of the figure with a p-polarized, monochromatic plane electromagnetic wave of frequency ω at an angle θ 0 with the z axis. The polarization is defined as shown in Fig. 1 : the magnetic field is perpendicular to the xz plane (transverse magnetic polarization). The restriction to two-dimensional systems and linear polarization has the advantage that notably simplifies the formulation, thus reducing the initial three-dimensional vectorial wave equation to a two-dimensional scalar one, where the EM field in this polarization is entirely described by the y-component of the magnetic field H y = H(r). The method of calculation is based on the surface integral equations resulting from the application of Green's second integral theorem adapted to parametric coordinates [21] , which is exact from the standpoint of classical electrodynamics (fully accounting for multipoles and retardation). In this manner, rigorous calculations are carried out for the spectral dependence of the scattering cross sections (SCS), from which plasmon resonances are identified; relevant plasmon resonances are subsequently characterized through detailed calculations of near-field distributions.
Results and discussion
In figure 2 , the SCS of two 4-petal Ag nanoflowers are shown for two different symmetry directions of the incident field (on the upper tip and on a valley, as depicted in figure 1 ). The parameters of the two nanoflowers are: ρ = 40 nm and β = 1/4, and ρ = 30 nm and β = 2/3. They are chosen so that the resulting maximum radius is identical (R = ρ(1 + β) = 50 nm), but the inner radius is different (r = ρ(1 − β) = 30 and 10 nm, respectively). Thus we can observe the variations of the SPRs from a nearly circular NP to a strongly modified nanoflower with long petals. Expectedly, the SCS of the nearly circular nanostar shown in Fig. 2b exhibits for both incident fields a strong SPR at λ = 376 nm, along with the weaker bulk plasmon resonance at λ = 329 nm. Both are closely related to the SPRs of a circular cylinder [21] , the strong dipole-like SPR being slightly red-shifted. In contrast, two strong SPRs are observed in the SCS of the nanoflower shown in Fig. 2a : at λ = 487 nm and at λ = 369 nm. Interestingly, the SCS for the two illumination directions are also quite similar in this case.
In order to identify the corresponding SPRs of the nanoflower, the near-field intensity distributions at the main resonances are shown in Fig. 3 . Let us first focus on the main resonance at λ = 487 nm shown in Figs. 3a and 3c. Despite the SCS at θ i = 0
• , 45
• are barely distinguishable, the near-field patterns are clearly different. Both exhibit a dipole-like behavior, but the illumination direction seems to impose a dipole-electric field distribution oriented along the polarization direction; namely, along the horizontal petals for θ i = 0
• , and across opposite walls between adjacent petals for θ i = 45
• . In fact, HS with large field intensity enhancements (about three orders of magnitude) are located at all four interstitial sites for θ i = 0
• , unlike those HS for θ i = 45
• , that only appear at the two dips between petals along the illumination direction. In either case, this dipolar character indicates that this main SPR stems from the dipole SPR of a single cylinder, largely red-shifted due to the complex shape of the 4-tip nanoflower.
The near field distributions of the weaker SPR at λ = 369 nm are shown in Figs. 3b and 3d . It is evident from Fig. 3b that this high-energy SPR exhibits a more complex, ∼4-fold symmetry pattern, but not exactly quadrupolar, as will be shown below. Again, the near-field distributions is different depending on the illumination direction unlike the resonance SCS spectra, although a deformed 4-fold pattern is also observed for θ i = 45
• in Fig. 3d . HS are also found, however weaker than those at the main resonance, distributed either uniformly among the four interstitial sites for θ i = 0
• or at the two interstitial sites along the illumination for θ i = 45
• . Incidentally, the existence of multiple SPRs yielding HS at overlapping regions make nanoflowers also suitable for the two-fold (excitation and emission) enhancement of fluorescence, as predicted for nanotrimers [7] .
To get further insight into the HS at the main resonance (see Fig. 4a ), the corresponding surface (electric and magnetic) field components are presented in Figs. 4. The abscissae axis in parametric coordinates is such that integer values (from s = 1 to 4) correspond to flower tips, so that half-integer values identify interstitial gaps. First of all, note the electric field intensity (Fig. 4a ) exhibits maxima at both tips and intersticies, whereas the magnetic field intensity (Fig. 4a ) presents maxima only on tips. Since we are mainly concerned about electric field intensity enhancements for SERS applications, let us examine these HS in detail. At tips, the contribution to the HS stems from the normal component of the electric field intensity (Fig. 4c) . However, when the incident plane wave impinges perpendicular to the tip (see Figs. 4a and 4c θ i = 0
• at n = 0, 2), instead of a HS, the electric field nearly vanishes. Interestingly, such surface field patterns resemble those of the shape resonances associated to localized surface-plasmon polaritons with monopolelike behavior found at peaks on rough metal surfaces [22] , which cannot be excited at normal incidence with electric field polarization tangential to the tip/peak. On the other hand, the surface field pattern at the interstitial gaps has also a normal component (see Fig. 4c ), except at the very edge of the dip, where a strong contribution from the tangential component occurs (see Fig. 4d ). This behavior is also found on randomly metal surfaces, associated to localized surface-plasmon polaritons with dipole-like resonances [22] . Overall, enhancements factors of the electric field intensity about two orders of magnitude are found at both tips and dips (see Fig. 4a); nonetheless, the HS area as inferred from the near-field patterns is substantially larger at the interstitial gaps between tips (recall Figs. 3a and 3c) . SERS enhancement factors up to 10 7 are indeed found in the most favorable configuration (in the gap directly illuminated by the incident plane wave at θ i = 45
• ), although more HS occur at θ i = 0
• . For the sake of completeness, the far-field patterns yielded by the 4-petal nanoflower at the two main resonances described in Figs. 3a and 3c is shown in Fig. 5 . The dipolar character of the main resonance at λ = 487 nm is confirmed by the behavior of the far-field pattern (see Fig. 5a ), which accurately resembles that produced by oscillating dipoled oriented along the direction of the incident polarization (vertical for θ i = 0
• and 45
• -tilted counterclockwise for θ i = 45
• ). At the higher-frequency SPR at λ = 367 nm (Fig. 5b) , the far-field distributions are mostly dipolar, but with asymmetric lobes. This indicates that the 4-fold symmetry observed in the near-field patterns in Figs. 3b and 3d does not lead to quadrupolar charge oscillation, but to a predominant dipole oscillation again oriented along the direction of the incident polarization.
Finally, we investigate HS at nanoflowers with a different number of petals. In particular, odd numbers n = 3, 5 are chosen so that opposite petals are not aligned, keeping both radius and deformation parameter fixed (ρ = 30 nm, β = 2/3). The resulting SCS are shown in Fig. 6a . First, note that the qualitative behavior is similar to that of the 4-petal nanoflower shown in Fig. 2b . A strong, red-shifted SPR with a weaker one at higher energies. Indeed, both resonances are red-shifted (respectively, blue-shifted) with respect to those of the 4-petal nanoflower for larger (respectively, smaller) number of petals. In addition, the near-field patterns associated with all resonances behave qualitatively similar to those of the two main resonances of the 4-petal nanoflower shown in Fig. 3 . Here only those at the main SPRs are shown in Figs. 6b and 6d for the 3-petal nanoflower (λ = 460 nm), and in Figs. 6c and 6e for the 5-petal nanoflower (λ = 509 nm). Despite the different number of petals, basically a dipolar character is preserved in the near-field distributions, with the orientation determined by the incident polarization, leading to HS at the interstitial gaps along the illumination direction, and a dark pattern at the illuminated petal. For plane wave illumination at a dip (see Figs. 6d and 6e) , the dipolar behavior is preserved, so that the dark petal is now that opposite to the illumination direction, with HS again at dips along the illumination direction. SERS enhancement factors of the order of 10 6 are also obtained. Moreover, if the near-field patterns at θ i = 0
• in Figs. 6b and 6c are rotated by certain angle α, both coincide with those in Figs. 6d and 6e , respectively: namely, by (counterclockwise) α = 180
for Fig. 6b and n = 5 for Fig. 6c . Basically, this means that the same near-field intensity pattern is retrieved if the nanoflower is illuminated along either a petal tip or its opposite dip. Intuitively, this stems from the mirror symmetry of this dipolar SPR with respect to a line parallel to the incident direction crossing the nanoflower center. Indeed, note that the SCS at the main SPRs in Fig. 6a are identical. This symmetry considerations only hold for nanoflowers with odd numer of petals. In the case of an even number of petals, the main SPRs differ at different angles (illuminating either tip or dip, see Figs. 3a and 3c ), though each of them exhibits symmetric near-field patterns with respect to the axis along the incident direction); thus the associated SCS slightly differ too (see Fig. 2b ). Furthermore, such symmetry argument no longer holds for the weaker, high-energy SPRs, even for odd-n nanoflowers (not shown here). Surface charge oscillations will be investigated in detail elsewhere.
Conclusions
In this work we have investigated theoretically the SPRs of silver nanowires with cross section given by loworder Chebyshev nanoparticles with large deformation parameter. They resemble either nanostars with round tips or nanoflowers, with different number of tips/petals. We have shown that such metal nanoflowers exhibit a complex SPR spectrum, with a main SPR red-shifted with respect to that of a circular wire, and a weaker SPR appearing in the blue part of the spectra. Calculated near-field distributions for the main SPRs reveal a dipolar behavior (confirmed by the far-field pattern), with strong HS at both tips and dips of the petals. However, apart from symmetry considerations, HS occurring at the intersticies in between petals occupy larger areas and yield larger field enhancement factors. In fact, SERS enhancement factors up to 10 7 are found at various HS for nanoflowers with different number of petals. Thus nanoflowers (or nanostars with rounded tips) manifest themselves as excellent candidates (monodisperse, single nanoparticle substrates) for SERS sensing applications, where the interstitial gaps between petals may both host the (bio)molecule to be detected and yield the required electromagnetic field enhancement. 
